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Abstract 

We consider non-linear gravitational models with a multidimensional warped product geometry. Particu- 
lar attention is payed to models with quadratic scalar curvature terms. It is shown that for certain parameter 
ranges, the extra dimensions are stabilized if the internal spaces have negative constant curvature. In this 
case, the 4-dimensional effective cosmological constant as well as the bulk cosmological constant become 
negative. As a consequence, the homogeneous and isotropic external space is asymptotically AdS.4. The 
connection between the D-dimensional and the 4-dimensional fundamental mass scales sets a restriction on 
the parameters of the considered non-linear models. 

PACS numbers: 04.50. +h, 98.80.Hw 

1 Introduction 

Multidimcnsionality of our Universe is one of the most intriguing assumption in modern physics. It follows 
naturally from theories unifying different fundamental interactions with gravity, e.g. M/string theory |lj]. The 
idea has received a great deal of renewed attention over the last few years within the " brane- world" description 
of the Universe. In this approach the SU('i) x SU(2) x U(l) standard model (SM) fields are localized on a 
3— dimensional space-like hypersurface (brane) whereas the gravitational field propagates in the whole (bulk) 
space-time. The framework also implies that usual 4— dimensional physics is located on the brane (i.e. our 
Universe). Moreover, brane- world physics provides a possible solution of the hierarchy problem due to the well 
known connection between the Planck scale M P i^ and the fundamental scale Af„( 4+ £)/) of the 4— dimensional 
and the (4+D')-dimensional space-time, respectively: 

M 2 Pm ~ V D ,M*+° D>) . (1) 

Here Vd 1 denotes the volume of the compactified D' extra dimensions. It was realized in @, 0, |^] that the 
localization of the SM fields on the brane allows to lower M s ,(4 + £ ) ') down to the electroweak scale Mew ~ ITeV 
without contradiction with present observations. Therefore, the compactification scale of the internal space can 
be of order 

r~ ^'~10#- 17 cm. (2) 
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In this ADD model ||, physically acceptable values correspond to D' > 3 (see e.g. and for D' — 3 one 
arrives at a sub-millimeter compactification scale r ~ 10~ 6 cm of the internal space. Additionally, the geometry 
is assumed to be factorizable as in the standard Kaluza-Klein (KK) model. I.e., the topology is the direct 
product of a non-warped external space-time manifold and internal space manifolds with warp factors which 
depend on the external coordinates. Beside this, the M-theory inspired RS-scenario || represents an interesting 
approach with non- factorizable geometry and D' = 1. Here, the 4— dimensional space-time is warped with a 
factor Cl which depends on the extra dimension and equation (|l|) is modified as follows: Mpu±) ~ &~ 1 Mew- 
In our paper we shall concentrate on the factorizable geometry of the ADD-model. 

According to observations the internal space should be static or nearly static at least from the time of 
primordial nucleosynthesis, (otherwise the fundamental physical constants would vary). This means that at 
the present evolutionary stage of the Universe the compactification scale of the internal space should either be 
stabilized and trapped at the minimum of some effective potential, or it should be slowly varying (similar to 
the slowly varying cosmological constant in the quintessence scenario tt). In both cases, small fluctuations over 
stabilized or slowly varying compactification scales (conformal scales/geometrical moduli) are possible. 

Stabilization of extra dimensions (moduli stabilization) in models with large extra dimensions (ADD models) 
has been considered in a number of papers (see e.g., Refs. gL |, |, ^ |ll|, [fi], [D| In the corresponding 

approaches, a product topology of the (4 + D')— dimensional bulk space-time was constructed from Einstein 
spaces with scale (warp) factors depending only on the coordinates of the external 4— dimensional component. 
As a consequence, the conformal excitations have the form of massive scalar fields living in the external space- 
time. Within the framework of multidimensional cosmological models (MCM) such excitations were investigated 
in jL5[ [l7| where they were called gravitational excitons. Later, since the ADD compactification approach 
these geometrical moduli excitations are known as radions j|, |j| . It should be noted that over the last years the 
term radion has been used to describe quite different forms of metric perturbations within brane- world models. 
In MCM with warped product topology of the internal spaces they are understood as conformal excitations 
of the additional dimensions (gravitational excitons), whereas in RS-I-type models they describe the relative 
motion of branes [fl8[p|. The differences between these two frameworks have been pointed out in |2^, [2^| . 

All above mentioned papers are devoted to the stabilization of large extra dimension in theories with linear 
multidimensional gravitational action. String theory suggests that the usual linear Einstcin-Hilbcrt action should 
be extended with higher order non-linear curvature terms. In the present paper we use a simplified approach 
with multidimensional Lagrangian of the form L = f(R), where f(R) is an arbitrary smooth function of the 
scalar curvature. Without connection to stabilization of the extra-dimensions, such models (4— dimensional as 
well as multi-dimensional ones) were considered e.g. in Refs. ]24| . There, it was shown that the non-linear 
models are equivalent to models with linear gravitational action plus a minimally coupled scalar field with 
self-interaction potential. 

In the present paper we advance this equivalence towards investigating the problem of extra dimensions 
stabilization. We find that the stabilization of extra dimensions takes place only if additional internal spaces 
have a compact hyperbolic geometry and the effective 4— dimensional cosmological constant is negative. If the 
external space Mq is homogeneous and isotropic this implies that Mq becomes asymptotically anti-deSitter 
(AdS£) ). Additionally, we show that requiring the extra dimensions to be dynamically stabilized is a sufficient 
condition for the bulk space-time to acquire a constant negative curvature. 

The paper is structured as follows. After explaining the general setup of our model in section g, we concretize 
the geometry to a warped product of n internal spaces. We perform a dimensional reduction of the action 
functional to a 4-dimcnsional effective theory with (n+1) self- interacting minimally coupled scalar fields (section 

t. The stabilization of the extra dimensions is then reduced to the condition that the obtained effective potential 
r these fields should have a minimum. In section a detailed analysis of this problem is given for a model 
with one internal space. The main results are summarized and discussed in the concluding section 



2 General theory 

We consider a D = (4 + D') - dimensional non- linear pure gravitational theory with action 

S = A" I d D xVW\f(R) , (3) 
ZK D JM 

1 In most of these papers, moduli stabilization was considered without regard to the energy- momentum localized on the brane. 
A brane matter contribution was taken into account, e.g., in 

2 A detailed discussion of radion stabilization and dynamics in RS models is given, e.g., in | ML EOj]. An extended list of references 
on this topic can be found in [M. 
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where f(R) is an arbitrary smooth function with mass dimension 0(m 2 ) (to has the unit of mass) of a scalar 
curvature R = R\g] constructed from the D-dimensional metric g ab (a, b = 1, ... , D). 

k 2 d = tor/M%£ DI) (4) 

is the D-dimensional gravitational constant (subsequently, we assume that M*(4 + £>/) ~ Mew)- The equation 
of motion for this theory reads 

f'Rab - \fg ab ~ V a V b /' + g ah Uf = , (5) 

where /' = df/dR, R a b — Rab[g]- V a is the covariant derivative with respect to the metric g ab ; and the 
corresponding Laplacian is denoted by 

□ = D[g] = 5 a "V a V h = -^=d a (y/\§\ g ab d b ) ■ (6) 



Eq. (|5|) can be rewritten in the form 



2 

where G a b = Rab — \Rg a b- The trace of eq. (||) is 



f'Gab + h a b (Rf - /) - V„ V b f + g ab uf = , (7) 



(D - l)Df = f / - (8) 

and can be considered as a connection between R and /. 

It is well known, that for f'(R) > the conformal transformation 

gab = n 2 g ab , (9) 

with 

n=[f(R)] 1/iD - 2) , (io) 

reduces the non-linear theory (|3|) to a linear one with an additional scalar field. The equivalence of the theories 
can be easily proven with the help of the following auxiliary formulas: 

□ = rr 2 [□ + (£>- 2)g ab n- 1 n, a d b ] <=>u = n 2 a-(D- 2) g ab n n, a d b , (11) 

R ab = Rab + ^(/O-'Va/'Vfe/' - (/T'VaVi/' - ^l^^/')"^/' (12) 



and 



i? = (/') 2/(2 - D) + ^\(f)- 2 g ab dafd b f 2^-l(/')- 1 n/' 

Thus, eqs. (0) and (||) can be rewritten as 



(13) 



1 



G ab = 0,«^ 6 - -ffaf-S^m^n " ^ <?a& e 7(5=35(5=1) ^ _ /) (14) 

and 

I ~_d d> f D \ 



V(r>-2)(r>-i) 

where 



/' = -2= := e** > , A := W . (16) 

dR V D - 1 v ' 

Eq. ( |l6| ) can be used to express i? as a function of the dimensionless field 4> : R — R{4>). 
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It is easily seen that eqs. ( |l4| ) and (15) are the equations of motion for the action 



S = 



2« D J M 



d D x^\g\(R[g]-g ab <P^*~2Ufa) , 



where 



Ufa = - 2 e- B * 



and they can be written as follows: 



Rfae A *-f(Rfa)) , 
Gab = T ab [4>, g] 

us= d -m. 



B := 



D 



y/(D-2)(D-l) 



(17) 

(18) 

(19) 
(20) 



Here, T ao [4>, g] is the standard expression of the energy-momentum tensor for the minimally coupled scalar field 
with potential (ph. Eq. <M) can be considered as a constraint equation following from the reduction of the 
non-linear theory^) to theunear one (JjL7\). 

Let us consider what will happen if, in some way, the scalar field <f> tends asymptotically to a constant: 
<j> — ► (f)Q. From eq. ( |l6| ) we see that in this limit the non-linearity disappears and (|3|) becomes a linear theory 
f(R) ~ c\R + C2 with ci = /' = exp(A(p ) and a cosmological constant — C2/(2ci). In the case of homogeneous 
and isotropic space-time manifolds, linear purely geometrical theories with constant A— term necessarily imply 
an (A)dS geometry. Thus, in the limit <f> — > cf>o the D-dimensional theory can asymptotically lead to an 
(A)dS with scalar curvature: 

R^— (21) 
D — 2c\ V ' 

Clearly, the linear theory ( P~T|) would reproduce this asymptotic (A)dS-limit for <fi 4>o- 



R 



D 



D 



■Ufa) 



D 



D 



C2 c x 



(22) 



Hence, in this limit R/R — > c" -2 in accordance with eq. ( |l3| ) and /' = c\. In section we shall show that 
the stabilization of the extra dimensions automatically results in condition <j> — * <po with t/(</>o) < 0. Thus, the 
D-dimensional space-time (bulk) can become asymptotically AdS_o. 
In the rest of the paper we consider the quadratic theory: 



f(R) = R + aR 2 — 2A D , 
where the parameter a has dimensions 0(m~ 2 ). For this theory we obtain 



and 



1 + 2aR = e y 



Ufa 



1 

2^ 



M 



4o 



■2A, 



(23) 

(24) 
(25) 



The condition /' > implies 1 + 2aR > 0. 



3 Dimensional reduction 

In this section we assume that the D-dimensional bulk space-time M undergoes a spontaneous compactification 
to a warped product manifold 

M = M x Mi x ... x M„ (26) 



with metric 



■ = g ab (X)dX a ® dX h = + ^ e^^g 



)«(0 



(27) 
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The coordinates on the (Do = do + 1) - dimensional manifold Mq (usually interpreted as our (Dq = 4)- 
dimcnsional Universe) are denoted by x and the corresponding metric by 

g {a) =g ( ${x)dx»®dx v . (28) 

Let the internal factor manifolds Mi be (ii-dimensional Einstein spaces with metric g^ — gm\ni(yi)dy" li ®dy^ , 



R h 



graiTii i 



m ll n l = 1, . 



and 



where r 



R 



— \ l di = Ri 



(29) 



(30) 



l/di 



is a characteristic size of Mj. For the metric ansatz (27) the scalar curvature R 



depends only on x: R[g] = R(x). Thus 4> is also a function of x : <fr = cj>(x). 
The conformally transformed metric (||) reads 



g = Wg 



2 77 = (r A <l>\ 2,{D ~ 2) -n — O ( ) 



.9 :=.9 V 



(31) 



with 



7 (0) 



oM ,2/(D-2) (0) 



F = (3 + 



A 



D-2 



(32) 
(33) 



The fact that the fields 4> and (3 l depend only on x allows us to perform the dimensional reduction of action 
(|l7j). Without loss of generality we set the compactification scales of the internal spaces at present time at 
ft 1 = (i = 1, . . . , n). The corresponding total volume of the internal spaces is given by 



n „ n 



(34) 



where Vd> has dimensions 0(m D ), and D' = D — Do = X)"=i is the number of the extra dimensions. After 
dimensional reduction action ( |l7|) reads 



S= ^ dPoxy/mJl^ [R 



,(0) 



Mo 



n 



(35) 



where Gy = — didj = l,...,n) is the midisuperspace metric [£5], 

2 ._ _^\D_ 

■" Vd> 



and 



(36) 



is the Do— dimensional (4-dimensional) gravitational constant. If we take the electroweak scale Mew an d 
the Planck scale Mpi as fundamental ones for D— dimensional (see eq. (|j)) and 4-dimensional space-times 
(«q = Sn/ Mpj ) respectively, then we reproduce eqs. (H) and (||). 

Action (Pq ) is written in the Brans-Dicke frame. Conformal transformation to the Einstein frame |l5[ [l6| 



5(°) = 

& (J.V 



A/3' 



D -2 



„(0) 



(37) 
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yields 



°Mo 



Gij — di$ij ~h jy ^^idj j 



<f J 1 
G y = — + — — 
d, 2-D 



and 



U eff (0,4>) = (lie 



1 " 



-2/3* 



(38) 



The tensor components of the midisuperspace metric (target space metric on ) — l,...,n) , its 

inverse metric G u and the effective potential are respectively 



(39) 
(40) 

(41) 



4 Stabilization of the internal space 

Without loss of generality]^], we consider in the present section a model with only one d\ -dimensional internal 
space. The corresponding action (Bq) reads 



2kq 



d u °x 



l9 (0) l{ 



R 



M 



where 



and 



if :-- 



gW'»d lt <pdu<p - g^ u d^d u (t> - 2U eff (ip, 0)} 



'dip -2)^ 



D -2 



u ef f(<p,4>) 



(D-2)(D -2) 



1 „ / Dp -2 

-itie V V "i^-a) + 1/(0) 



(42) 



(43) 



(44) 



For simplicity we continue to work with dimensionless scalar fields y>, (j) instead of passing to canonical ones 
(modulo 8ir) : (p = f Mpi , <p = (f> Mpi and U e t / = M Pl U e f t . The restoration of the correct dimensionality is 
obvious. 

The equations of motion for <p and <j) are respectively 



Dip 



D6 = 



dU, 



eff 



dip 

dUeff 



(45) 
(46) 



where 



and 



dU, 



eff 



dip 



= 2 



di 



(D-2){D -2] 



U, 



eff 



Ri 



dU, 



Da 



di(D-2) 



} / P— 2 

dl(D -2) 



(47) 



(48) 



In order to obtain a stable compactification of the internal space, the potential U e f f(ip, 4>) should have a 
minimum with respect to ip and </>. This is obvious with respect to the field ip because it is precisely the 
stabilization of this field that we aim to achieve. It is also clear that potential U e ff(<p, <j>) should have a minimum 
with respect to 4> because without stabilization of 4> the effective potential remains a dynamical function and 

3 The only difference between a general model with n > 1 internal spaces and the particular one with n = 1 consists in an 
additional diagonalization of the geometrical moduli excitations. 
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the extremum condition dU e ff /dtp\ _ Q = is not satisfied (see eq. (p7|)). Furthermore, eq. ( p8| ) shows that 
the extrema of the potentials U e f f(tp, 4>) and U(4>) with respect to the field (f> coincide with each other. Thus, 
the stabilization of the extra dimension takes place iff the field <j> goes to the minimum of the potential U(4>). 
According to the discussion in section || (see eqs. ( ^l| ) and (|22|)) this results in an asymptotically constant 
curvature space-time (for a non-zero minimum of U(4>)). 

Let us now present a detailed analysis of the quadratic gravitational theory (p3f) with potential U(<fi) (|25|). 
First, we shall investigate the range of parameters which ensures a minimum of U((p)- The extremum condition 
gives 

d^U = =^ (2A - B)x 2 + 2[B - A)x - (q + 1)B = , (49) 



where x := 
extremum: 



> and q :— 8a Ajj. The non- negative solution of this equation defines the position of the 



x 



,A<j>o _ 



(B -A) + ^{B - A) 2 + {2A -B)(g + \)B 
2A- B 



From the inequalities 



and 



-Cg - A) + A 2 + (2A - BjBg^ 
2A-B 

2 



B-A = 



2A-B 



y/(D-2)(D-l) 

D -4 



> 



> for D > 4 



y/(D-2)(D-l) 

it follows that the parameter q should be restricted to the half-line 

q = 8aA D > -1 • 

The case q = — 1 corresponds to O ~~ * — 00 an d is n °t considered in the following. 
The necessary condition for the existence of a minimum of the potential U(<p) 

dl,U(cl ) )\ extr ^^e( A ^o[ { 2A-B)e A ^ + (B~A)] ' ' 



AaD-l 



[(D - A)x + 2} > 



requires positive values of the parameter a > 0. From the explicit expression of U((j>) at the extremum 



<i 



(50) 
(51) 
(52) 

(53) 

(54) 
(55) 



it is easy to see that U\ min > for > and U\ min < for < 0. In the latter case we have 
-1 < 8aA D < 0. 

Let us show now that the total potential U e f / (</?, <f>) also has a global minimum in the case when U (<fr) has 
a negative minimum. To prove it, it is convenient to rewrite potential as follows 



U eff {(p,(p) = e 2y V TP=5ffefr=3T -}-R ie 2 ^\l di(h-2) +U(ct>) 



(56) 



The extremum condition gives 
d v U eff = 



di 



(D-2)(D -T) G + d * G F = ° 



d v G = -2. 



di 



(D-2)(D -2) 



G 



d^u eff = F(d^u) = o d^u = o, 

whereas the eigenvalues of the Hessian at the minimum should be non-negative 

di 



dLU e 



dt, n G - 4- 



-G 



U<t> Ue ff 
dLU eff = 2 



w (D-2)(£> -2) 
F&LU > =► dlAJ > 



F > 



(U-2)(D -2; 



F^C/ = . 



(57) 
(58) 

(59) 
(60) 

(61) 
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Choosing the compactification scale of the extra dimension at /?^j„ = (p m in = 0, we find the following relations 
at the extremum 



and hence 

Using the obvious relation 



G\ extr = (63) 



signer) = sign ([/(</>) L tr ) = sign (G\ extr ) . (64) 



w " ~di(D-2) 
and eqs. (|59|), (|62|), (|63|) we see that 



9LG = -2 ^° 2 , fi ie W ar» (65) 



L> - 2 



J7(0)| min >O=> C/(0)| mm <O. (66) 



This inequality sets strong restrictions on the considered non-linear model: 

1. According to eq. ( p2| ) it implies that the stabilization of the extra dimension leads asymptotically to a 
negative constant curvature bulk space-time. 

2. Only models with parameters from the range a > and — 1 < 8aAr> < will stabilize (see eqs. ( [sij ) and 
(p5|)). All other configurations are excluded. 

3. The global minimum of the whole effective potential U e ff is also negative: 

Ue ff \ min = ^ff U(4>)\ mm = R! < . (67) 

Its value plays the role of a Do - dimensional effective cosmological constant A e ff = f/ e //| ■ n - 

4. From eqs. (p3f) and (pq) follows that the compactified internal space should have negative curvature. 



The latter restriction agrees with the results of [|10| 13 because the negative value of the effective potential 
in the minimum violates the null energy condition so that the stabilized internal space should be (compact) 
hyperbolic (see also |l2|, |ll|). We note that adding to our non-linear model some kind of matter, satisfying the 
null energy condition, can shift the effective £>o-dimensional cosmological constant to non-negative values and 
the internal space can acquire positive curvature. 

A further restriction on the model follows from eqs. (||), (^p| ) and (|6^). According to these equations the 
free parameters a and Ad, or a and q, are strongly connected with the compactification radius t\ of the extra 
dimensional factor space Mi, as well as with the fundamental mass scale M^^ +dl ^ and the 4-dimensional Planck 
scale Mpi^y. 



2d 1 _ ^(rfx-1) fM, (4+dl} 



4/di 

— 2 U fa®, «] \ extr = K = - ~ - ) Ml {i+di) . (68) 

For fixed compactification radius r\ < oo the constraint (p 8 [) f orbids the limit Ad — > —0, whereas a — > is 
allowed. This behavior is easily understood. According to (|23|) the limit a — > describes the transition to a 
linear Einstein gravity model with _D-dimensional cosmological constant Ad- For a — > the mass of the </>-ficld 
excitations tends to infinity m| — ► oo (see eq. ( [74] ) below) and the field itself becomes frozen at the minimum 
position <f>o{a — > 0) — > of the potential £/(</>) 

U[a ^ 0]\ extr ^ A D , d 2 H - oo. (69) 

The resulting Z?-dimensional space-time has constant scalar curvature R = R = 2DAd/{D — 2) and a stabiliza- 
tion of internal spaces in such models is possible |15[ for Ad < and R4 < 0. 



In contrast, the transition Ap> — > —0 necessarily implies U(4>)\„„ t — > —0, i?i — > —0 which is connected with 
a decompactification r\ — > oo of the extra dimensions according to (|6^) . From the derivatives (^9|) - ( |6l| ) of the 
effective potential at the extremum position (ip ex tr = 0, </>o) and 



D- 2 


n/2 r 


i?i +2™ 


U(A>-2)_ 



di 



(D-2)(D -2) 



7/2 



^1. 



we read off that in the limit — > —0 the potential becomes flat with respect to ip: d™U e ff 
remains well-behaved with respect to <j>: 



d l<h U eff\ 



D-2 
Aa(D - I) 



> 



(70) 

0, whereas it 
(71) 



This is due to Xo(Ar> — ► 0) — > 1 and eq. (p4[) . The potential U e ff(ip, 
effective potential of a model with Ricci-flat factor space Mi 



U eff (ip,(j)) = eW U*=5KbZ=5JU((t>) 



itself coincides in this case with the 



(72) 



what is known to have no stabilized extra dimensions. A stabilization could be achieved, e.g., by accounting for 
additional matter fields fy| |l|, 0, |§ . 

Finally, let us turn to the masses of the excitation fields tp and </> near the minimum of £/ e //. These masses 
are defined by the relations 



d l<p U eff\ 



d l4> U zff\ 



D-2 



U(<P)\ r 



%+u(<f>)\, 



1 



2 

- T Ri 
di 

1 f 



iaD-1 



[(£> - 4).x + 2] 



In the decompactification limit r\ — > 00, A^ — > —0, R\ — * —0 the mass of the gravexciton vanishes m 2 



(73) 
(74) 
^0, 



whereas the mass of the 6— field remains non-zero 



(D - 2)/(4a(D - I)) > 0. For fixed compactification 



scale n the constraint 



and its implication 
I D-2 



x°- 2 [(xo-lf 



4q di 

can be used to express eq. (|7^ ) in terms of xq and i?i 

2 _ D-2 x Q [(D - 4).t + 2] 
^ ~ (D - l)di (x - I) 2 + 9 



(75) 



(76) 



This means that in an ADD scenario, where relation (68) necessarily holds, the basic mass scale of the excitations 
ip and <f> is defined by the fundamental mass scale M^u+di) an d the 4-dimensional Planck scale Mpi^ 



in 



f,4> 



Ri 



-2 ^ ( M *(4+d 1 ) 



4/di 



M. 



*(4+di)- 



(77) 



5 Conclusions and discussion 



In the present paper we investigated multidimensional gravitational models with a non-Einsteinian form of the 
action. In particular, we assumed that the action is an arbitrary smooth function of the scalar curvature f(R). 
For such models, we concentrated on the problem of extra dimension stabilization in the case of factorizable 
geometry. To perform such analysis, we reduced the pure non-linear gravitational model to a linear one with an 
additional self-interacting scalar field. The factorization of the geometry allowed for a dimensional reduction of 
the considered models and to obtain an effective 4-dimensional model with additional minimally coupled scalar 
fields in the Einstein frame. These fields describe conformal excitations of the internal space scale factors. A 
detailed stability analysis was carried out for a model with quadratic curvature term: f(R) = R + aR 2 — 2Ad. 
It was shown that a stabilization is only possible for the parameter range — I < 8a Ad < 0. 

This necessarily implies that the extra dimensions are stabilized if the compact internal spaces M<, i = 
1, . . . , n have negative constant curvatures. More precisely, these spaces have a quotient structure Mi = H di /r<, 
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where H di and I\ are hyperbolic spaces and their discrete isometry groups, respectively. In this case, the 4- 
dimcnsional cosmological constant (which corresponds to the minimum of the effective 4-dimensional potential) 
is also negative. As a consequence, the homogeneous and isotropic external (Do = 4)-dimensional space is 
asymptotically AdSo . As the extra dimensional scale factors approach their stability position the bulk space- 
time curvature asymptotically (dynamically) tends to a negative constant value. Let us note that this would 
allow e.g. for a spontaneous compactification scenario along the lines^] 

AdS D — ► AdS Do x H dl /T 1 x . . . x H d »/T n . (78) 

We further found that the compactification scale completely defines the effective cosmological constant and 
the mass of the internal scale factor excitations (gravexcitons) near the minimum position. It is also strongly 
connected with the parameters a and Ad of the non-linear model (see eq. (|7q)) . For example, in the limit 
Ajj — > the extra dimensions necessarily decompactify (r\ — > oo) and the effective potential U e ff becomes 
indistinguishable from an effective potential of a model with Ricci-flat factor space M±. The corresponding 
scale factor is then not stabilized and the gravexciton becomes massless. In contrast to models with possible 
decompactification, ADD scenarios are characterized by a compactification scale which is fixed by relations 
(|j), (Q) between the fundamental mass scales Mpi^ and M^+n')- The same relations enforce in this case a 
constraint on the parameters of the non-linear model. In contrast with the masses of gravexcitons m v which 
are completely fixed by the compactification scale, the mass of the scalar field <fi (which originates from the 
non-linearity of the starting model) can still depend in a specific way on the parameters a and Ad- 

From a cosmological perspective, it is of interest to consider the possibility of inflation for the 4-dimensional 
external space-time within our non-linear model. For a linear multidimensional model with an arbitrary scalar 
field (inflaton), such an analysis was carried out in [[l7|. As described in section ||, our pure gravitational 



quadratic curvature action (23) can be mapped to a scenario linear in the curvature with a rather specific 
self-interaction potential (f^Jfor the scalar field 4>. This allows us to extend some of the techniques of j|17j to 
our model. 

It can be shown that there is a possibility for inflation to occur if the scalar fields start to roll down from 
the region: 

M<fi)\ > | U(<f>)\ min | » lifcleW , (79) 
where the effective potential m4) reads 



U ef f W eW (n-2nn -2) £7(0) _ ( 80 ) 

If 

eV / ^r >l, (81) 

and hence U(<p) ~ ^ e ^ 2j4 — g^j ex P TT^p^^D ^he s l° w - rou parameters e and 7712 (see paper [jj"7| ) read 

t-li-K - (D _ 2){Do _ 2) + 2{D _ 2)(D _ 1) ■ (82) 
For the dimensionality of our observable Universe Dq = 4, these parameters are restricted to the range 

~ < e, r?i, m < 1 for 6 < D < 10 . (83) 
5 

Thus, generally speaking, the slow-roll conditions for inflation are satisfied in this region. The scalar field <p can 



act as inflaton and drive the inflation of the external space. It is clear that estimates (83) point only to the 



possibility for inflation to occur. For the considered model with negative effective cosmological constant inflation 



is not successfully completed |29| if the reheating due to the decay of the 0— field excitations and gravexcitons is 
not sufficient for a transition to the radiation dominated era. In any case, for scenarios with successful transition 
or without, the external space has a turning point at its maximal scale factor where the evolution changes from 



spa 

expansion to contraction^]. Obviously, for such models the negative effective cosmological constant forbids a 
late time acceleration of the Universe as indicated by recent observational data. In order to cure this problem, 
the model should be generalized, e.g., by inclusion of additional form fields p7| or other matter fields. 

4 An explicit generalized dcSitter solution for a similar stabilized warped product space was obtained in pjf . The warped product 
consisted of a Ricci-flat or R X S 3 external space-time and Einstein spaces with positive constant scalar curvatures as internal spaces. 



5 A discussion of this effect can be found in and the recent paper 
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